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Topological materials have attracted considerable experimental and theoretical attention. They
exhibit strong spin-orbit coupling both in the band structure (intrinsic) and in the impurity poten-
tials (extrinsic), although the latter is often neglected. In this work we discuss weak localization
and antilocalization of massless Dirac fermions in topological insulators and massive Dirac fermions
in Weyl semimetal thin films taking into account both intrinsic and extrinsic spin-orbit interactions.
The physics is governed by the complex interplay of the chiral spin texture, quasiparticle mass,
and scalar and spin-orbit scattering. We demonstrate that terms linear in the extrinsic spin-orbit
scattering are generally present in the Bloch and momentum relaxation times in all topological
materials, and the correction to the diffusion constant is linear in the strength of the extrinsic
spin-orbit. In topological insulators, which have zero quasiparticle mass, the terms linear in the
impurity spin-orbit coupling lead to an observable density dependence in the weak antilocaliza-
tion correction. They produce substantial qualitative modifications to the magnetoconductivity,
differing greatly from the conventional Hikami-Larkin-Nagaoka formula traditionally used in exper-
imental fits, which predicts a crossover from weak localization to antilocalization as a function of
the extrinsic spin-orbit strength. In contrast, our analysis reveals that topological insulators always
exhibit weak antilocalization. In Weyl semimetal thin films having intermediate to large values of
the quasiparticle mass, we show that extrinsic spin-orbit scattering strongly affects the boundary
of the weak localization to antilocalization transition. We produce a complete phase diagram for
this transition as a function of the mass and spin-orbit scattering strength. Throughout the paper
we discuss implications for experimental work, and at the end we provide a brief comparison with
transition metal dichalcogenides.
I. INTRODUCTION
Topological materials such as topological insulators [1],
transition metal dichalcogenides [2] and Weyl and Dirac
semimetals [3–5] have opened a new and active branch
of condensed matter physics with considerable potential
for spin electronics, thermoelectricity, magnetoelectron-
ics and topological quantum computing [6]. The linear
dispersion characterizing topological semimetals has at-
tracted enormous attention both in experiment [7–22]
and in theory [23–35]. Whereas the field is already vast,
the focus of this paper will be primarily on topological in-
sulators and Weyl and Dirac semimetals. In these mate-
rials, in which the band structure spin-orbit interactions
are exceedingly strong, spin-orbit coupling in the impu-
rity scattering potentials is also expected to be sizable,
although its effect has been frequently neglected.
Topological insulators (TIs) are bulk insulators ex-
hibiting conducting surface states with a chiral spin tex-
ture [1, 36–44], in which the surface carriers are massless
Dirac fermions described by a Dirac Hamiltonian [45, 46].
Much of the excitement of recent years has been driven
by the laboratory demonstration of magnetic topologi-
cal insulators [12, 47–56], in which the Dirac fermions
have a finite mass and Berry curvature [2, 57–60], which
leads to the anomalous Hall effect [29, 61–64]. Under
certain circumstances this can be quantized and dissipa-
tionless [61, 65, 66], as experiment has confirmed [64, 67–
71], stimulating an intense search for device applications.
Hybrid junctions between topological insulators and su-
perconductors [72, 73] are expected to host topological
superconductivity and Majorana fermions [6, 74].
Weyl fermion semimetals are three-dimensional topo-
logical states of matter [75–89], in which the conduc-
tion and valence bands touch linearly at an even num-
ber of nodes, which appear in pairs with opposite chiral-
ity. First-principles theoretical studies as well as angle-
resolved photo-emission spectroscopy experiments have
confirmed the existence of chiral massless Weyl fermions
[90] in topological Dirac semimetals [91–106], as well as
in type-I [107–111] and type-II [112–115] Weyl semimet-
als (WSM). In an ultrathin film of topological Weyl
semimetal (WSM), the out-of-plane component of the
momentum is quantized giving rise to a mass and an
accompanying energy gap [116, 117]. Remarkably, the
quantum spin and anomalous Hall effects may be ob-
served in a single-compound device, a fact that has stimu-
lated a considerable amount of recent interest in quantum
transport in thin films of these topological semimetals.
Quantum transport at low temperatures is dominated
by weak localization (WL) or antilocalization (WAL) ef-
fects [118–127]. These corrections to the conductivity are
noticeable when the quasiparticle mean free path is much
shorter than the phase coherence length [128] and arise
as a result of the quantum interference between closed,
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2time-reversed loops that circle regions in which one or
more impurities are present [129]. Since the interference
effects leading to WL/WAL disappear in weak external
magnetic fields these corrections can typically be iden-
tified straightforwardly in an experiment, and are fre-
quently used to characterize samples, in particular trans-
port in novel materials. They provide valuable informa-
tion about the system [16], such as symmetries of the
system, the phase coherence length [34, 130], and the
quasiparticle mass [131]. Topological semimetals provide
a new platform to understand weak localization and an-
tilocalization behavior in generic 2D Dirac fermion sys-
tems in which the mass may be taken as a parameter
[9, 131–136]. In the seminal work by Hikami, Larkin, and
Nagaoka (HLN; [137]) for conventional electrons with a
parabolic dispersion εp = p
2/2m, weak localization and
antilocalization effects are classified according to the or-
thogonal, symplectic, and unitary symmetry classes, cor-
responding to scalar, spin-orbit, and magnetic impuri-
ties respectively. In topological insulators one expects
weak antilocalization (WAL) in the presence of scalar
disorder [133, 138, 139]. The WAL correction can be
affected by the interaction of the surface states with
the residual bulk states [140], the thickness of the film
[136], or electron-electron interactions [34, 141] chang-
ing its sign and turning it into weak localization (WL).
In Dirac/Weyl semimetals the sign of the correction de-
pends on the quasiparticle mass: at small mass it is iden-
tical to topological insulators, at large mass it is similar
to ordinary massive fermions.
In this article we will discuss weak localization and
antilocalization of 2D fermions in topological semimetals
while taking into account the strong spin-orbit coupling
in the scattering potentials. We focus on two prototype
systems: (i) topological insulators as representing mass-
less Dirac fermions and (ii) Dirac/Weyl semimetal thin
films as representing massive Dirac fermions. In order
to capture the effect of strong spin-orbit scattering cor-
rectly it is necessary to treat scalar and spin-dependent
scattering on the same footing, which requires one to re-
tain the matrix structure of all the Green’s functions and
impurity potentials [29]. We will demonstrate that a lin-
ear term is present in the strength of the extrinsic spin-
orbit scattering potential, which has a strong angular de-
pendence. Because of the winding of the spin around
the Fermi surface, the Dirac nature of the surface states
breaks the mirror symmetry around the xy-plane (the
disorder potential no longer commutes with the kinetic
Hamiltonian), and thus allows for a correction to physical
quantities, such as the classical conductivity and the dif-
fusion constant, which is linear in the strength of the dis-
order spin-orbit coupling as opposed to the quadratic de-
pendence observed for a parabolic dispersion. This term
appears in the Bloch lifetime of the quasiparticles, the
transport relaxation time, the spin relaxation time, and
the Cooperon, and gives rise to a non-trivial density de-
pendence of the quantum correction to the conductivity,
which may be observable when the quasiparticle mass is
very small, namely in topological insulators. They key
point part of our analysis is provided by Eqs. (15)-(16)
below, which are completely general and can be used to
fit WL/WAL experiments on both massless and massive
Dirac fermions. Another important aspect is the fact that
the extrinsic spin-orbit scattering suppresses the weak lo-
calization channel for massive fermions, and therefore has
a strong qualitative and quantitative effect on the phase
diagram of the weak localization to weak antilocalization
transition, as seen in Fig. 1. The resulting weak local-
ization/antilocalization behavior is consistent with the
universality classes in the massless and massive limits re-
spectively and with the symmetries of the system under
chirality reversal.
FIG. 1. Phase diagram representing the evolution of the quan-
tum correction to the conductivity σqi(0) at zero magnetic
field for massless and massive Dirac fermions. The parame-
ters a, b and λ are defined in Sec. II. The extrinsic spin-orbit
scattering strength is quantified by λ, while the ratio a/b rep-
resents the ratio of the spin-orbit energy to the quasiparticle
mass, evaluated at the Fermi energy. The conductivity is ex-
pressed in units of e2/h with the color bar on the right. The
blue dashed line separates the WAL and WL regimes. The
numerical parameters here are the same as those used in Fig-
ure 6 below.
Importantly, the HLN formula commonly used to
fit magnetoconductance experiments on Dirac fermions
[16, 142–147] accounts neither for the Dirac nature of the
electron states nor for their dimensionality. Whereas for
electrons with parabolic dispersion a crossover from WL
to WAL (no correction) is observed for 3DEGs (2DEGs),
the correct formula for massless Dirac fermions always
predicts WAL regardless of the strength of the impu-
rity spin-orbit coupling. The two formulas only converge
at large strengths of the extrinsic spin-orbit scattering
(when both equations in fact lose their validity). More-
over, the HLN formula gives the wrong value for the dif-
fusion constant when the impurity spin-orbit coupling
vanishes: it does not capture the fact that the absence
of backscattering for massless Dirac fermions doubles the
diffusion constant as compared to conventional electrons.
Similar qualitative observations apply to massive Dirac
fermions.
This paper is organized as follows. In Sec. II, we de-
scribe a generic band structure model and theoretical
transport formalism applicable to topological semimet-
3als. Section III is devoted to quantum transport of mass-
less fermions in topological insulators, discussing the con-
ductivity dependence as a function of the external mag-
netic field and carrier density. In Sec. IV we discuss
quantum transport of massive fermions in Weyl/Dirac
semimetal thin films. In Sec. VI, we summarize our con-
clusions briefly and discuss possible future research di-
rections.
II. GENERAL MODEL
The systems discussed in this paper are described by
the generic band Hamiltonian
H0k =
~
2
σ ·Ωk (1)
where σ is the vector of Pauli spin matrices and Ωk plays
the role of a wave-vector dependent effective magnetic
field. For topological insulators Ωk = (Aky,−Akx, 0)
while for Weyl/Dirac semimetal thin films Ωk =
(Akx, Aky,M), where A and M are material/structure-
specific constants. The eigenvalues of H0k are ε
±
k =
±
√
A2k2 +M2 ≡ ±εk, where + and − indicate the con-
duction and valence bands, respectively, and M = 0 for
TIs. We take the Fermi level to be located in the conduc-
tion band, and ε ∼ εF =
√
A2k2F +M
2 at low tempera-
tures, where kF is the Fermi wavevector. We abbreviate
a = AkF/εF and b = M/εF where a
2 + b2 = 1. For our
theory to be applicable we require εF τtr/~ > 1, where τtr
is the momentum relaxation time derived below. The >
sign means the Fermi wave vector is greater than the in-
verse of the mean free path, but not much greater, so that
disorder effects are observable. Conventionally, when one
restricts one’s attention to the Born approximation the
requirement is εF τtr/~  1, yet in this case weak local-
ization/antilocalization corrections tend to be negligible.
The disorder potential consists of uncorrelated short-
range impurities. The total impurity potential is V (r) =∑
I U(r−RI), where
∑
I is a summation over all impu-
rities and RI is the impurity coordinate. The matrix el-
ements of a single impurity potential in reciprocal space,
including the effect of extrinsic spin-orbit-coupling, take
the form
Ukk′ = Ukk′ (1 + iλσz sin γ) , γ = θ′ − θ, (2)
where Ukk′ ≡ U is the reciprocal-space matrix element of
a short-range impurity potential, θ(θ′) is the polar angle
of the vector k(k′), and 1 represents the 2×2 identity ma-
trix. It is assumed that λ < 1 since this term is typically
treated in perturbation theory. Our simplified notation
masks the fact that λ ∝ k2F = 4pine is a linear function
of the electron density ne, which experimentally can be
tuned by changing the gate voltage or the temperature
[148]. Notice that the effect of the spin-orbit coupling
term in the scattering potential is to create a random,
effective magnetic field, which points either into or out
of the plane of the structure. [? ]
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FIG. 2. The diagrams for the weak (anti-)localization con-
ductivity of Dirac fermions. (a) Definition of the Green’s
functions as arrowed solid lines in which Greek letters are
spin indices. (b) Definition of dashed lines: impurities lines
expressed in both retarded and advanced cases. (c) The
retarded self-energy in the first-order Born approximation,
where GR0 is the bare retarded Green’s function. This con-
tribution to the self energy represents the classical picture of
electrons scattering off randomly distributed impurities. (d)
and (e) are Keldysh self-energies
(
ΣK,bk,γδ and Σ
K,R
k,αβ
)
of maxi-
mally crossed diagrams in the bare and the retarded dressed
cases, respectively, where Γ is the Cooperon structure factor.
Both of these represent contributions due to quantum inter-
ference in scattering processes: an electron travelling through
a disordered region can backscatter and return to its starting
point. The loop can be performed clockwise or anticlockwise,
and in quantum mechanics the two trajectories interfere. Note
that (e) vanishes in the absence of spin-orbit coupling. (f) The
Bethe-Salpeter equation for the twisted Cooperon structure
factor Γ˜.
Our discussion is based on the Keldysh [150] transport
formalism, whose central quantity is the Keldysh Green’s
function GK. Its physical content is analogous to that
of the density matrix ρ in the quantum Liouville equa-
tion. In the Keldysh representation, the Keldysh Green’s
function GK, together with the retarded and advanced
Green’s functions GR and GA, form a 2× 2 matrix:
Gˇ =
(
0 GA
GR GK
)
. (3)
The Green’s function matrix Gˇ is related to the contour-
ordered Green’s function Gˆ through the equation Gˆ =
R GˇR−1, with R = (1+iτy)/
√
2, where the contour takes
into account time evolution in both directions and τy is
a Pauli matrix in the 2× 2 Keldysh space of Eq. 3. The
Dyson equation for Gˆ may be written as
Gˆ(1, 2) = gˆ(1, 2) +
∫
d3
∫
d4 gˆ(1, 3)Σˆ(3, 4)Gˆ(4, 2). (4)
4where d3 = dr3 dt3 etc. The self-energy matrix Σˆ is
Σˆ = R
(
ΣK ΣR
ΣA 0
)
R−1, (5)
where ΣK, ΣR, and ΣA are the Keldysh, retarded, and
advanced self-energies.
To illustrate the above, in Figure 2 the arrows rep-
resent Green’s functions as defined in Figure 2(a), and
the dashed lines in Figure 2 correspond to the impurity
scattering whose definitions in the retarded and the ad-
vanced cases are displayed in Fig 2(b). After the average
over impurity configurations, the retarded component of
the self-energy in the Born approximation is shown in
Figure 2(c), while the Keldysh components of the self-
energy leading to quantum-interference are in Figs. 2(d)
and 2(e) [151]. In Figure 2 only the spin indices are ex-
plicitly retained.
In the Born approximation the disorder-averaged re-
tarded and advanced Green’s functions [? ] are
GRk =
1 +H0k/εk
2(ε− εk + i~2τ )
=
[
GAk
]∗
, (6)
where ∗ denotes the Hermitian conjugate, GAk is the ad-
vanced Green’s function, and τ is the elastic scattering
time (Bloch lifetime)
τ = τ0/
[(
1 + λ2/2
)(
1 + b2
)
+ λa2
]
, (7)
where 1/τ0 = pini|U|2NF/~. Note that we have retained
the matrix structure of all Green’s functions as well as
that of the scattering potential, so that the elastic scat-
tering time has corrections already at order λ-linear.
This is unlike the case of non-relativistic electrons [137]:
in the conventional Hikami-Larkin-Nagaoka approach the
square of the extrinsic spin-orbit coupling terms is aver-
aged over the Fermi surface. Here the mean-free time is
no longer an even function of λ, since the winding of the
spin around the Fermi surface for Dirac fermions defines
unequivocally the direction of the z-axis. The transport
time τtr, in which the weight of small-angle scattering is
reduced as compared to the Bloch lifetime, appears in
the diffusion constant D =
v2Fτtr
2 , making the diffusion
constant dependent on the strength of the impurity spin-
orbit coupling to linear order. As this diffusion constant
is a crucial parameter in weak antilocalization, we expect
the behavior of Dirac fermions to be different from the
usual HLN formula [137].
In a constant, uniform external electric field E, the
quantum kinetic equation for GK is [152]
∂tG
K
εk + (i/~)
[
H0k, G
K
εk
]
+ Jεk = (e/~)E · ∂kGKεk, (8)
where ∂k ≡ ∂/∂k, the electron charge is −e, ε is an in-
termediate energy variable that is integrated over (repre-
senting non-locality in time), and the general scattering
term Jεk is given by
Jεk=(i/~)
(
ΣRεkG
K
εk−GKεkΣAεk+ΣKεkGAεk−GRεkΣKεk
)
. (9)
We adopt the form GKεk = χk(G
R
εk −GAεk) with χk a
scalar, following the reasoning of Ref. [153]. The Wigner
transformation is applied on Gˆ(1, 2) to find the single-
particle Green’s function Gˆεk.
With the self-energy in the Born approximation as
shown in Figure 2(c), the scattering term becomes
JBn(χk) = −2 ipi gk χk/τtr, with
τtr = 2τ0/
[
1 + 3b2 + 2a2λ+
(
5 + 3b2
)
λ2/4
]
. (10)
Again, the corrections due to spin-orbit scattering appear
at order λ-linear. The mean free path is `e =
√
Dτtr
where D = v2Fτtr/2 is the diffusion constant and vF the
Fermi velocity. In the Born approximation the kinetic
equation takes the form:
JBn(χEk) = (e/~)E · [∂kGKεk]‖, (11)
where the subscript ‖ indicates the matrix component of
the driving term that commutes with the band Hamilto-
nian H0k. To the leading order in the quantity τ
−1
tr the
solution of Eq. (8) is χEk = [2eE ·kˆ τtr/~]δ(k−kF) where
kˆ is the unit vector along k, and the Drude conductivity
takes the form
σDrxx = (e
2/h)(vFτtr/2). (12)
Since this formula is general and well known, we shall
not discuss it further.
Quantum interference contributions to the conductiv-
ity are intimately connected to the phase information
of the electron wave function. This is preserved over
a distance referred to as the phase coherence length
`φ =
√
Dτφ, with τφ the phase coherence time. Mech-
anisms giving a finite phase coherence time are associ-
ated with time-dependent perturbations such as phonons
or electron-electron scattering. The observation of weak
localization and antilocalization requires the mean free
path `e to be much shorter than the phase coherence
length `φ. Correspondingly, the phase coherence time τφ
is much longer than either the Bloch lifetime or the mo-
mentum relaxation time. Typically the calculation of the
phase coherence time is extremely complex and contro-
versial, and in almost all studies this quantity is typically
extracted by fitting to experiment.
The quantum-interference between two time-reversed
closed trajectories will generate three different contribu-
tions to the conductivity, whose Keldysh self-energies are
(bare case) ΣKb , (Retarded dressed case) Σ
K
R, and (Ad-
vanced dressed case) ΣKA. The Keldysh self-energies dia-
grams of ΣKb and Σ
K
R are shown in Figs. 2(d) and 2(e),
respectively. In these diagrams, the maximally crossed
diagrams (Cooperon structure factor) Γ is proportional
to 1/|Q|2, where Q is the sum of the incoming and the
outgoing wavevector. The divergence of ΓQ at |Q| → 0
indicates the primary contribution into the quantum-
interference conductivity comes from the backscattering.
The quantum-interference self-energies (ΣKb , Σ
K
R and Σ
K
A)
5will generate the quantum-interference scattering term
Jqi(χEk) that is balanced by JBn(χqi,k) as follows:
JBn(χqi,k) = −Jqi(χEk), (13)
where the right-hand side plays the role of a driving term.
The term χqi,k found from this equation leads to the
quantum-interference conductivity correction
σqixx = −
e2v2Fττ
2
trNFη
2
v
~2
∫
d2Q
(2pi)2
[
CbQ + 2C
R
Q
]
, (14)
where CbQ and C
R
Q are the bare Cooperon and the
retarded-dressed Cooperon, respectively, both shown in
Figure 2. Here CQ = Re
[
ΣKk,γαg
αγ
k
]
in general, and α and
γ are spin indices. The Einstein summation rule over re-
peated indices is used throughout this work. Note that
the advanced dressed Cooperon contributes the exactly
same amount as its retarded dressed counterpart.
The zero magnetic-field conductivity can be obtained
by integrating Eq. (14) over the magnitude of the momen-
tum transfer Q ≡ |Q|. Formally the integral diverges at
low Q, and for this reason it must be regularized by cut-
ting it off at a wave vector 1/`φ, which is the inverse of
the phase coherence length, which is generally by far the
largest length scale in the problem. The upper limit of
integration is typically taken as the inverse of the mean
free path. This yields
σqixx(0) =
e2
pih
∑
i=1,2,3
αi ln
(
1/`2i + 1/`
2
φ
1/`2i + 1/`
2
e
)
, (15)
where i = 1, 2, and 3 are the singlet, the triplet-up, and
the triplet-down channel indices, respectively, αi is the
weight of channel i and `i is the effective mean free path
for channel i. Both αi and γi contain contributions of
first order in the extrinsic spin-orbit scattering strength.
In the massless limit (b = 0), α1 = −1/2 and γ1 = 0,
matching the findings of Ref. [154]. In an out-of-plane
magnetic field B the function ∆σ(B) = σqixx(B)− σqixx(0)
is described by the general expression [5, 155]
∆σ(B) =
e2
pih
∑
i=1,2,3
αi
(
Ψ
[
Bφ,i
|B| +
1
2
]
−ln
[
Bφ,i
|B|
])
, (16)
where Bφ,i = (~/4e)(1/`2φ+1/`2i ), and Ψ is the digamma
function. This equation can be used to fit magnetocon-
ductance experiments on Dirac fermions, regardless of
whether they are massless or massive. It accounts fully
for both linear and quadratic extrinsic spin-orbit coupling
terms.
III. TOPOLOGICAL INSULATORS
The Dirac Hamiltonian for the surface states of 3DTIs
takes the form
H0k = A(σxky − σykx), (17)
where A is a material specific constant. The Hamilto-
nian (17) preserves time-reversal symmetry (TRS), char-
acteristic of the symplectic symmetry class. We have
stated above that the Fermi energy is located in the con-
duction band, and for TIs we need to make the addi-
tional specification that it lies in the surface conduction
band, so that any possible bulk channels are not consid-
ered. This is justified by the fact that experiment has
striven for a decade to overcome the bulk contribution to
transport, and in a recent work it was reported that bulk
carriers have been completely eliminated [156].
Since topological insulator samples are always films, a
series of remarks are in order concerning the applicabil-
ity of our theory. In an ultrathin film, namely thinner
than 6 quintuple layers [157–164] tunneling is enabled
between the surfaces. This gives a mass in the Dirac dis-
persion and, with time reversal symmetry preserved, the
conduction and valence bands are each twofold degen-
erate. Quantum transport in such systems is extremely
complex even in the Born approximation [33], with ex-
citing predictions in the presence of carrier-carrier inter-
actions, such as topological exciton condensation [165–
168] and quantum Hall superfluidity [169]. They will not
be of concern to us in this work, in which we will fo-
cus on relatively thick films, of approximately 10 quintu-
ple layers and above. The physics of films is determined
by the thickness d and the Fermi wave vector kF [169].
Consider a Bi2Se3 film as an example, with a dielectric
constant κ ≈ 100, grown on a semiconductor substrate
with κs ≈ 11. The condition for the film to be thick
is kF d  1. In this case the two surfaces are indepen-
dent [170]. For the top surface, where one side is exposed
to air, κtop = (κ + 1)/2 ≈ 50. For the bottom surface
κbtm = (κ+ κs)/2 ≈ 55. Both are independent of d.
The WAL correction in the absence of a magnetic field
takes the form:
σqixx(0) =
e2
2pih
ln
(τφ
τ
)
. (18)
This expression should be compared with the formula for
non-relativistic electrons
σ
qi (2D)
xx, HLN(0) = −
e2
pih
ln
(
1 + λ2/2
τ
τφ
+ λ2/2
)
σ
qi (3D)
xx, HLN(0) = −
e2
pih
{
ln
1 + 2λ
2
3
τ
τφ
+ 2λ
2
3
− 1
2
ln
[
1 +
8λ2
9
τφ
τ
]}
.
(19)
These three formulas are plotted in Figure 3 as a func-
tion of λ. We have renormalized these corrections by
δσ0 =
e2
pih ln
( τφ
τ
)
, where τ depends on the model and is
a function of λ. We have set
τφ
τ0
= 10 in agreement with
what is measured experimentally[130, 171, 172]. We ob-
serve that the Dirac fermions remain in the same sym-
metry class (symplectic, with WAL), whereas the HLN
formula shows a crossover from the orthogonal symmetry
class (WL) to either no correction in 2D, or WAL in 3D.
6HLN formula, 2D
HLN formula, 3D
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FIG. 3. Plot of the zero-field quantum-interference con-
ductivity correction in terms of the spin-orbit scattering
strength λ for massless Dirac fermions (solid line), HLN
formula for 2DEG (dashed line) and 3DEG (dotted line).
δσ0 = (e
2/pih) ln(τφ/τ). In order to emphasize that the
WAL conductivity of massless Dirac fermions is also depen-
dent upon the spin-orbit impurity strength, the inset shows
WAL in units independent of λ, i.e. (e2/pih) ln(τφ/τ0), where
τ0 is the scattering time in the absence of spin-orbit impuri-
ties and the ratio τφ/τ0 varies from 5 (purple), 10 (blue), 50
(green), 100 (orange) to 500 (red). Adapted from Figure 3 in
Ref. [154].
Due to the renormalization of the scattering time by
spin-orbit impurities, one could also interpret Eq. (18), as
increasing with λ if one renormalizes conductivity correc-
tions by the scattering time in the absence of spin-orbit
impurities τ0 (namely normalized by ln τφ/τ0) :
σqixx(0) =
e2
2pih
[
ln
(
τφ
τ0
)
+ λ+O(λ2)
]
. (20)
The inset to Figure 3 shows the linear dependence of the
normalized correction to the conductivity as a function
of λ for massless Dirac fermions. As λ = λ0k
2
F, one can
experimentally probe this linear dependence by varying
the density using an electrostatic gate.
The HLN formula [137] describes the quantum correc-
tion to conductivity as a function of an applied mag-
netic field for non-relativistic electrons in presence of
both scalar and spin-orbit impurities, where the only
relevant parameter is the diffusion constant. In con-
trast, in our problem, each mode ΓCn,m obeys a diffu-
sion equation with a diffusion constant Di depending
on i = |n| + |m|. Namely, these diffusion constants are
D0 = v
2
Fτ/(1 + λ
2/2), D1 = 2v
2
Fτ/λ and D2 = 2v
2
Fτ/λ
2.
The magnetoconductivity corrections for massless Dirac
fermions are shown in Figure 4. These results exhibit
many differences from the HLN formula widely used to
fit magnetotransport experiments of 3DTI surface states.
The first is that the winding of the spin around the Fermi
surface breaks the mirror symmetry around the xy-plane,
so it is now possible to obtain a linear dependence of mea-
surable quantities on λ, the strength of the spin-orbit
disorder. Such a linear dependence is observed in the
mean-free time τ , the longitudinal Drude conductivity
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FIG. 4. The magnetic field dependence of the quantum cor-
rection to the conductivity for massless Dirac fermions (solid
lines) and the 3D HLN formula (dashed lines) at different val-
ues of the spin-orbit impurities concentrations. Purple plots
are for purely scalar disorder (λ = 0), while blue (green) plots
for λ = 0.2 (λ = 1.25). The magnetic field is given in the unit
of B˜0 = e/(2pi~v2Fτ20 ), where τ0 is the elastic scattering time in
the absence of spin-orbit impurities and vF the Fermi velocity.
Adapted from Figure 1 in Ref. [154], where δσ(B) ≡ ∆σ(B)
as defined in Eq. (16).
σxx, and the diffusion constant D. A second type of dif-
ference emerges from the anisotropy of the Green func-
tions for massless Dirac model. This anisotropy together
with the anisotropy coming from the spin-orbit impuri-
ties leads to 9 different Fourier modes in the Cooperon to
the second order in λ as opposed to only one mode for the
HLN model. Moreover, our expansion in the spin-orbit
impurity strength shows more explicitly the fact that this
calculation is perturbative in λ and should be restricted
to small values of the perturbative parameter as the odd
powers of the series expansion contribute negatively to
the conductivity.
In general symmetry terms, the massless Dirac fermion
model stays in the symplectic class for all values of the
impurity spin-orbit coupling, as the square of the time
reversal operator Θ2 = −1 . This explains why WAL
is always observed for Dirac fermions. In the HLN for-
mula, the introduction of the impurity spin-orbit cou-
pling is responsible for a crossover from the orthogonal
class Θ2 = 1 when λ = 0 to the symplectic (”pseudo-
unitary”[? ]) class when λ→∞ for 3DEGs (2DEGs).
IV. WEYL SEMIMETAL THIN FILMS
In WSM thin films, the effective band Hamiltonian in
the vicinity of a Weyl node is [155, 173]:
H0k = A(σxkx + σyky) +Mσz, (21)
where A = ~v is a material-specific constant, v is the
effective velocity, k = (kx, ky) is the in-plane wavevec-
tor measured from the Weyl node, and M is the effective
mass due to the quantum confinement. The band struc-
ture of bulk and thin-film WSM is sketched in Figure 5.
7In (b) the gap is ∆ = 2M , which is the main distinguish-
ing feature of WSM thin films as compared to topological
insulators.
(b) WSM thin films
kx
ky
energy Δ εF
FIG. 5. (a) A minimal sketch of the energy dispersion of
a Weyl semimetal. We have defined k2‖ = k
2
x + k
2
y while
(kx, ky, kz) represents the 3D wavevector. kz points along
the preferred direction. The conductance and valence bands
cross linearly at the Weyl nodes, i.e. the left and right cones,
and the nodes appear in pairs with opposite chirality num-
ber. A Dirac node appears when two oppositely-chiral Weyl
nodes emerge together. (b) A schematic picture of the band
structure in WSM thin films, where ∆ is the band gap and
εF is the Fermi energy.
Since the fermions are now massive there is a com-
petition between WAL, driven by the spin-orbit term,
and WL, driven by the mass term. The magnitude of
the energy eigenvalues εk =
√
A2k2 +M2 tends to Ak
when the spin-orbit coupling dominates, which is identi-
cal to the case of topological insulators, and to M when
the mass dominates, which is identical to conventional
electrons. The extrinsic spin-orbit coupling terms, which
favor WAL, become very important when the band struc-
ture spin-orbit coupling and the mass are comparable in
magnitude. To illustrate this, we first refer to Figure 6,
in which a strong suppression of the WL channel (α2)
is seen due to the λ-linear terms, in particular in the
green line. Moreover, the WAL channel number (α1) in
the massless limit is exactly 1/2, which also satisfies the
universal condition protected by time-reversal symmetry.
M = 0
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FIG. 6. The magnetoconductivity ∆σ(B) plots at λ = 0.5
for different masses M . The parameters used are A = 300
meV·nm, ne = 0.01 nm−2, ni = 0.0001 nm−2 and `φ = 500
nm, according to Ref. [131].
The zero-field quantum conductivity σqi(0) can be used
to locate the crossover between WAL and WL, and then
separate out the regimes in which they occur, as shown
in Figure 1. In Figure 1 the λ-linear terms are taken into
account from the start. A positive/negative σqi(0) cor-
responds to WAL/WL. From Figure 1, in the absence of
spin-orbit scattering, the WAL/WL transition occurs at
b ∼ 0.3. As the strength of the spin-orbit scattering is
increased, the transition happens at larger b. The spin-
orbit scattering pushes the WAL/WL boundary further
into the WL regime, so the WAL regime becomes far
broader. The behavior at large mass is similar to the 2D
conventional electron gas case where the spin-orbit scat-
tering drives the system from the WL to WAL regimes.
One interesting feature of Ref. [133] is the detailed
study of the carrier density dependence. Although those
studies were only for the 2D TIs in Ref. [133], it motivated
authors to investigate the carrier density dependence of
the zero-field conductivity. Note that a back gate is usu-
ally applied to adjust the carrier density, whereas Hall
measurements are performed to measure the density. We
introduce λ = λcne since λ ∝ k2F gives a linear density
dependence.
At zero temperature, the residual conductivity [174] is
σ(0) = σDrxx + σ
qi
xx, and `φ in Eq. (15) should be replaced
by the sample size L, because the former will be diver-
gent if T → 0. By tuning the gate voltage, the carrier
density dependence of σ(0) can be experimentally mea-
sured and the strength of the spin-orbit scattering can be
extracted from σ(0). This is one of the central arguments
of this work. To date in the literature only λ2 terms
in τ or τtr have been identified, which arise when the
spin-orbit scattering terms are averaged over directions
in momentum space assuming a circular Fermi surface.
It contributes a negligible n2e dependence to σ
(0), which
is effectively linear in ne. When the nontrivial linear-λ
term is taken into account in τ and τtr, which is caused
by the non-commutativity of the band structure and the
random spin-orbit impurity field, the WAL/WL correc-
tion has a more pronounced dependence on the carrier
number density. This provides a new possibility to ex-
tract the spin-orbit scattering constant from the density
dependence of σ(0).
Specifically, at small mass, the extrinsic spin-orbit
scattering causes the momentum relaxation time to ac-
quire a strong density dependence. This manifests itself
in a flattening of the 2D WAL correction as a function
of carrier number density. To extract the spin-orbit scat-
tering strength λ from σqi(0) in the massless limit, it is
possible to follow the fitting equation
σqi(0) = a0 lnne + b0ne. (22)
Here we assume zero temperature, so `φ is replaced by
the sample size L as mentioned above. The extracted
coefficient b0 yields the spin-orbit scattering strength
λ = −b0ne/(3e2/2pih) when λ 1. The short-range im-
purity potential that we have used in this article needs
to be replaced by a long-range Coulomb potential (or
a generic long-range potential). In the latter case, the
Bethe-Salpeter equation will involve an additional an-
8gular integration over the impurity potential, in which
case it is no longer solvable in closed form. One pos-
sible rough estimate for σqi(0) can be obtained by re-
taining the form of Eq. (15) while substituting the same
τ for the long-range potential as was found above for
the short-range case. In the long-range case, the nor-
mal impurity potential U for 2D massless Dirac fermions
becomes Ulong = Ze2/[2εrkF sin2(γ/2)],[175] where εr is
the material-specific dielectric constant. Thus, the long-
range potential Ulong will have the same ne dependence
as the short-range case, and the fitting equation (22) will
be still correct.
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FIG. 7. (a), (b) and (c) The carrier density dependence
of the quantum-interference conductivity σqi in the massless
(M = 0), small mass (M = 10 meV), and large mass (M =
100 meV) cases. The parameters are the same as in Fig. 6
and L = `φ. Note that λ = λcne and AkF = 106 meV for
ne = 0.01 nm
−2.
It is enlightening to plot the carrier density depen-
dence of the quantum-interference part of the conductiv-
ity: this contribution can be singled out experimentally
since it vanishes in an external magnetic field. Its car-
rier density dependence is plotted in Figure 7 for three
different masses : M = 0, 10 meV, and 100 meV. In
the massless limit, Figure 7(a), for λc = 0 the contribu-
tion σqixx follows the logarithmic dependence expected of
a 2DEG. As λc increases this logarithm becomes nearly
flat at large enough densities. This altered density depen-
dence arises from the linear terms in the scattering and
transport times. In the small mass limit, Figure 7(b), a
sharp suppression of the conductivity at the small density
is displayed, because the effect of the mass term becomes
more significant when the carrier density decreases and
the WAL channel is suppressed. In the large mass limit,
see Figure 7(c), a negative conductivity correction (WL)
is expected.
Indeed the presence of the mass is a crucial difference
between Weyl semimetal films and topological insulators,
and may offer the possibility of distinguishing between
TI states and WSM states in certain parameter regimes.
In Weyl semimetals the sign of the correction depends
on the quasiparticle mass: at small mass it is identical
to topological insulators (weak antilocalization), whereas
at large mass it is similar to ordinary massive fermions
(weak localization).
Extrinsic spin-orbit scattering affects the transition
from WL to WAL as a function of the mass. This
may be seen in Figure 1. At small and large values
of the mass, as expected, the extrinsic spin-orbit scat-
tering has little effect on the WL/WAL correction. At
large mass, moreover, the extrinsic spin-orbit scattering
also plays a negligible role in the momentum relaxation
time. At certain intermediate values of the mass, how-
ever, the extrinsic spin-orbit scattering is critical in deter-
mining whether the system experiences WL or WAL. It
is rough that the WL/WAL transition line in Figure 1 is
b ∼ 0.3+0.8 ·λ, which exists when ne ∈ [0.01, 0.02] nm−2
and `φ ∈ [200, 500] nm. This fitting equation can provide
a semi-empirical formula to extract the λ.
V. OTHER TOPOLOGICAL MATERIALS
Aside from topological insulators and Weyl semimetal
films, another series of topological materials that have
received considerable attention are transition metal
dichalcogenides such as MoS2. These materials exhibit
some qualitative differences as compared to those stud-
ied so far, not least through the presence of a lattice
pseudospin analogous to that found in graphene. The
Hamiltonian for transition metal dichalcogenides is given
in [2] as
Htmd = A(vσxkx+σyky)+
∆
2
τz+vεs
(
1 − τz
2
)
σz. (23)
Here v = ± represents the valley index, ∆ is an energy
gap analogous to the mass term in WSM films, εs is the
energy gap at the valence band top induced by spin-orbit
coupling, while the Pauli matrix τz represents the sub-
lattice pseudospin. Upon inspection of this Hamiltonian
it is immediately obvious that the physics of transition
metal dichalcogenides is governed by the interplay of the
valley, spin and pseudospin degrees of freedom, in close
analogy with graphene but with the proviso that the spin-
orbit coupling is extremely strong. It is well known that
in graphene monolayers and bilayers the interplay of val-
ley and pseudospin physics strongly affects the physics
of weak localization/antilocalization, in a manner that
is not captured in this work [176]. For this reason we
have not included graphene in this study, and we do not
include transition metal dichalcogenides, where determi-
9nation of the exact functional form of the extrinsic spin-
orbit coupling is also nontrivial.
However, on a qualitative level it is natural to expect
that extrinsic spin-orbit coupling terms will play an im-
portant role in WL/WAL in transition metal dichalco-
genides, and due to the same non-commutativity of spin
matrices we have identified we expect terms linear in the
extrinsic spin-orbit coupling to be present in WL/WAL
in these materials. They may give rise to a similar den-
sity dependence in the Bloch and transport times, and
affect the WL/WAL transition.
VI. CONCLUSIONS
The magnetoconductivity corrections for topological
semimetals in the presence of scalar and spin-orbit impu-
rity disorder exhibit profound differences from the HLN
model for conventional electrons with parabolic disper-
sion. In both cases the diffusion constant and the longi-
tudinal conductivity are renormalized to the first order
in the spin-orbit scattering strength. In topological in-
sulators WAL is expected to occur in the presence as
well as in the absence of spin-orbit impurity scattering,
and the correction has a linear dependence on the carrier
density. In WSM thin films terms linear in the extrinsic
spin-orbit scattering strength play an important role in
determining whether the system experiences WL or WAL
and strongly affect the density dependence of the WAL
correction in the massless limit. These observations are
directly relevant to the analysis of transport experiments
in topological semimetals, which continues to rely heavily
on the HLN formula.
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